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Stress Intensity Formulas for Three-dimensional 
Cracks in the Vicinity of an Interface 
ABSTRACT: In this study, stress intensity formulas are considered in terms of the square root of area parameter to evaluate arbitrary shaped 
defects or cracks in lhe vicinity of an interface. Here "area" is the projected area of the defect or crack. Stress fatens ity factors for an elliptical crack 
parallel to a bimaterial interface are considered with varying the distance, aspect ratio of the crack, and combinations of materia l's elastic constants. 
Also, stress intensity factors of an interface crack and a crack in a functionally graded material are investigated. Then, it is found that the maximum 
stress intensity factors normalized by the square root of area are always insensitive to the crack aspect ratio. They are given in a form offonnulas 
useful for engineering applications. 
KEYWORDS: fracture mechanics, stress intensity factor, bimateriaJ interface, crack 
Nomenclature 
a, b = dimensions of elliptical and rectangular 
cracks 
alb = aspect ratio of arbitrarily-shaped cracks 
assuming elliptical or rectangular 
approximation (see Fig. 1) 
area = projected area of the crack or defects 
h = distance from the crack to the interfar~ 
(see Fig. 2) 
G = G=µ21µ 1 when0.1--;;;µ2/µ 1,s;;l.O,or 
G = 2-µilµz wheu J .0~;,21µ 1 ~oounder 
_l1(1t·-;i,ai load:. 
G = µ21 Jt1 when 0.0,.;; µ21 µ 1,.;; 1.0, or 
G = 2-µ 11µ2 when 1.0~µ2/µ 1,s;;oounder 
shear loads 
H = hl2b 
Fi- n (i=I ,D,lll) = dimensionless stress intensity factors 
normalized by two-dimensional results 
under tension 
F;-s (i=I,ll,11[) = dimensionless stress intensity factors 
normalized by two-dimensional results 
under shear 
F;_n (i=l,II,III) = dimensionless factors normalized by 
-I area parameter under tension 
F;_s (i=I,II,JI!) = dimensionless factors normalized by 
-I area parameter under shear 
a = nonl1ornogeneity parameter for 
functionally graded materials 
µ 1 = shear modulus for space 1 
f.ti = shear modulus for space 2 
µ21Jt1 = shear modulus ratio 
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µo = shear modulus of functionally graded 
materials at z=O 
v 1 = Poisson's ratio for space 1 
.. 
v2 = Poisson's ratio for space 2 
Introduction 
Since almost all structural materials contain some types of defec~ 
in the form of cracks, cavities, and inclus1ons, three-dimensional 
crack solutions may be useful for evaluating the strength of strut• 
tures. 1n the previous studies, stress intensity formulas were pro-
posed for evaluating the maximum stress intensity factors for 
arbitrary-shaped internal cracks subjected to tension er; and shear 7; at infinity for the coordinate system in Fig. l [1- 6]. 
1. For the cracks subjected to tension u; [1,2]: 
K1max = 0.5ocr;~'IT Jarea (II 
2. For the cracks subjected to shear,.;, [3-6]: 
Krrmax = 0.55-r';.~'ITVarea (alb;;,,, l in Fig. l) (21 
Klllmax = 0.45T; ~'ITJarea (alb,.;; l in Fig. 1) (ll 
where "area" is the projected area of the crack or defects. Fore~ 
ample, in Fig. l(a), area='ITab, and in Fig. l (b) arett=4ab. How· 
ever, it should be noted that area=20b2 when alb;;,,, 5, and areiJ 
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1G. 2-Problems considered; (a) an elliptical crack parallel to an interface; (b) ar, elliptical inte,face crack; and (c) an elliptical crack in hfunctional/y graded 
orerial. 
To confirm the accuracy of the formulas L-3, the exact maxi-
mum stress intensity factors of elliptical [3,4] and rectangular 
,racks [5,6] at A and B subjected to cr; and -r;: at infinity are shown 
m Table I. Here, a, b are dimensions of elliptical and rectangular 
cracks. It should be noted that F; is independent of Poisson's ratio 
1·. but F,i, F7u are depending on v. Therefore Table 1 shows the 
::mge of the maximum stress intensity factors for v=O -0.5. 
Ln Table I it is seen that the maximum stress intensity factors 
:Jo be calculated effectively by formulas 1-3 for the arbitrary 3-D 
l'l'acks in homogeneous infinite body. 
In recent years, however, since composite materials have been 
lidely used in many industrial fields, the stress intensity evaluation 
klnnuJas for a crack in the vicinity of an interface become particu-
~Iy important. In the previous paper [7], therefore, the stress in-
1:nsity evaluation formulas were proposed for an arbitrary-shaped 
l-O crack perpendicular to an interface. 
ln this paper, the maximum stress intensity factors for a crack 
TABLE 1-Maximum stress intensity factors al A or B for an elliptical crack or 
rectangular crack in Fig. 1. 
Stress Intensity 
Evaluation Elliptical Rectangular 
Formulas Crack Crack 
F;_,, at =0.5,a/b,,;;; l 0.41 -o.s2<3l 0.47-0,52(S) 
A 
F;_,, at =0.5,a/b;;. [ 0.47-0.52<3> 0.47-0.52(Sl 
B 
F;,_, at =0.55, a/b;;, l 0.46-o.64<4) 0.47-0.64(6) 
B 




F~=Kllrn,JT; ~'Tr~, F;11=KwmvJ 
-
194 JOURNAL OF TESTING AND EVALUATION 
TABLE 2- (a) Effect of Poisson's ratio when u;=u, -r7,=0 in Fig. l(a). (b) Effect of Poisson's ratio when u;=o, r';,=,ri11 Fig. l(a). 
alb 16 
b/2b 0. 1 
µ2!µ1 0 0.5 co 
v1=0.0 v2=0.0 5.9439 1.1524 0.6678 
v 1=0.5 v2=0.5 5.9443 1.1971 0.7101 
F1-n v ,=o.o v2=0.5 5.9439 1.0055 0.6678 
v1=0.5 v2=0.0 5.9443 l.3145 0.7 101 
v1=0.3 v2=0.3 5.9434 1.1748 0.7 122 
v1=0.0 v2=0.0 3.0239 0.0917 -0.2210 
v, =0.5 Vz=0.5 3.0220 0.0800 -0.0866 
Fu-n v1=0.0 Vz=0.5 3.0239 -0.0576 -0.2210 
v1=0.5 v2=0.0 3.0220 0.2142 - 0.0866 
v1=0.3 v2=0.3 3.0228 0.0921 - 0.1519 
alb 16 
h/2b 0.1 
µ Iµ, 0 0.5 00 
v ,=o.o v2=0.0 1.2053 1.0817 0.6944 
v1=0.5 Vz=0.5 1.2073 1.0789 0.8240 
F11-, v,=o.o v2=0.5 1.2053 0.9625 0.6944 
v1=0.5 v2=0.0 1.2073 l.1557 0.8240 
v 1=0.3 Vz=0.3 1.2085 1.0855 0.7724 
v1=0.0 v2=0.0 - 0.0634 - 0.0616 - 0.0558 
v1=0.5 Vz=0.5 - 0.0325 -0.0313 - 0.0289 
Fm-s v1=0.0 Vz=0.5 - 0.0634 -0.0597 - 0.0558 
v1=0.5 v2=0.0 - 0.0325 -0.Q312 -0.02S9 
v1=0.3 ,. =() 3 . . -!J.D448 -0.0435 -0.0403 
parallel to an interface under a; and,-;. will be considered. For this 
problem, the formulas 1-3 can be applied only if the distance be-
tween the crack and interface is quite large. Generally, the maxi-
mum stress intensity factors will be functions of the distance from 
crack to the interface h (see Fig. 2(a)), and shear modulus ratio 
µ2! 1,t1• Here the results of an elliptical crack parallel to interface [8] 
will be used to investigate the maximum stress intensity factors of 
arbitrary 3-D cracks. These results [8] were accurately obtained by 
tbe body force method coupled with singular integral equation for-
mulation. Meanwhile, cracks on the interface, and cracks in func-
tionally graded materials (FGMs) as shownin Fig. 2(b) and 2(c) 
will also be considered. Since FGMs have no interface, which may 
be harmful for the strength of structures, they have attracted wide 
attention. 
In the following discussions, the dimensionless stress intensity 
factors defined as Eqs 4 and 5 will be used. 
F1-n = K1rrwfa;W, 
F ll- 11 = K_nmaxfcr-;f;i;, 
Fw-n=KmmJa;&, 
F;_,, = K1mJcr-;~-rr Jarea } 
F;l-n =Kumax!a;~'ffJarea (4) 
F~-n = Kn1maia;~7iJarea 
F1-s =K1ma.·lr';zhl, F,-s=Kimaxh':z~'ffJarea } 
Fr1-s = K11mair';,M, F~-s ~ Knmaxf-r';."'~-rr~ar~a (5) 
F ID-s = Krumaxf-r; {;;z, F 11I-s - Kmmaxhyz ~'IT Ja, ea 
Here, F;-" a,ndF1-s (i=l,II,JI[) are dimensionless stress intensity 
factors normalized by two-dimensional solutions, under tension 
and shear, respectively. On the other hand, F,_11 and F;_s (i 
0.4 0.1 0.4 
0 0.5 00 0.5 0.5 
1.7090 1.0857 0.798 0.7243 0.6710 
1.7092 1.1316 0.760 0.7563 0.6901 
l.7090 1.0352 0.798 0.6544 0.6586 
l.7092 1.1628 0.760 0.8093 0.6971 
l.7090 1.1073 0.800 0.7397 0.6800 
0.288 0.0371 -0.084 0.0513 0.0141 
0.287 0.0530 -0.082 0.0507 0.0214 
0.288 0.0119 -0.084 -0.0201 0.0104 
0.287 0.0683 -0.082 0.1074 0.0249 
0.287 0.0446 -O.Q75 0.0520 0.0176 (a) 
0.4 0.1 0.4 
0 0.5 00 0.5 0.5 
1.0950 1.0241 0.8540 0.6865 0.6456 
l.0984 1.0279 0.9277 0.9058 0.8622 
1.0950 0.9830 0.8540 0.6727 0.6410 
1.0984 1.0506 0.9277 0.9252 0.8669 
1.0994 1.0302 0.9025 0.8040 0.7600 
-0.0606 - 0.0974 -0.0604 -0.6790 -0.6482 
- 0.0306 -0.0306 -0.0307 -0.4456 -0.4342 
- 0.0606 -{10604 
-0.0604 -0.6299 - 0.6414 
-0.0306 -0.0307 -0.0307 -0.4722 - 0.4374 
-0.0427 -0.0428 -0.0427 -0.5557 - 0.5350 (b} 
=I,JI,Jll) are dimensionJess factors normalized by Jarea param-
eter, under tension and shear, respectively. 
Effect of Poisson's Ratio on the Stress Intensity 
Factors 
If an elliptical crack is close to an interface, tbe stress intensity fac-
tors vary depending on Poisson's ratios of materials 1 and 2. Table 2 
shows Mode I stress intensity factor in Fig. 2(a). Here, a,b are di-
mensions of elliptical and rectangular cracks, h is the distance from 
the crack to the interface (see Fig. 2), and ,,2/p1 is shear modulus 
ratio. The F1_11 values vary by about 24 % when h /2b=O. l If we 
use the results for v 1 =v2= 0.3, the stress intensity factor can be 
evaluated within 12 % even wben Poisson's ratios are changed n-
tremely from Oto 0.5. When the distance bet\veen crack and int~r-
face is hl2b=0.4, the F,_11 values vary o.nly by 7 %. Therefore, in 
the following calculations v1 =v2=0.3 is simply assumed. 
Maximum Stress Intensity Factors of a Crack 
Parallel an Interface Subjected to Normal Loads 
In the _previous studies [8], the stress intensity factor in Fig. 2(a) 
was analyzed under a;=a, ,-;=oat infinity; then, Varea parameter 
is found to be effective because the values of p-;_
11 
are insensitive for 
the crack shape in most cases. In this paper, therefore, Fr-n forrnula 
is proposed by approximating F;_11 as a function of P--2 /µ1 and 
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TABLE 3-Dimensionless stress intensity factor F;_. at B imder tension u;=u in Fig. l(a). 
h/2b µill!.1 0.01 0.05 
a/ b= l L.5526 1.0869 
0. 1 -+00 2.0283 1.2166 
[1)/(oo] 0.7655 0.8934 
a/b= l 0.9372 0.8263 
0.2 -,co 1.2656 1.0075 
[l]/[oo] 0.7405 0.8201 
a/b=l 0.7282 0.6854 
0.3 -+00 0.9479 0.8401 
[l]/[oo] 0.7682 0.8159 
a/b=l 0.6327 0.611 0 
0.4 --+00 0.7927 0.7352 
[1]/[oo] 0.7982 0.8311 
a/b=I 0.5808 0.5679 
0.5 -tOO 0.7040 0.6683 
[l]/[oo] 0.8250 0.8498 
a/!>=1 0.5006 0.4982 
1.0 -,co 0.5477 0.539 1 
(1)/(oo) 0.9140 0.935 1 
a/b=l 0.4817 0.48 10 
2.0 -+00 0.4936 0.4891 
(1)/(oo] 0.9759 0.9833 
a/b= I 0.4782 0.4782 
00 
-tOO 0.4729 0.4729 
[ I]/[ co) 1.0112 1.0112 
h 2b. Although in Ref [8], the results for µ 2 / µ 1=0,0.5,2, oo were 
given. they are not enough for proposing the formula. Thus, the 
numeocal calculation has been newly performed for µ2/ µ 1 
=0.0 l,0.0.§, 0.1,0.3, 1.0 with vru.ying the distance in the range of 
0.1 0.3 LO 
0.8826 0.6352 0.4782 
0.9444 0.6494 0.4729 
0.9346 0.9781 1.0112 
0.7417 0.5953 0.4782 
0.8492 0.6249 0.4729 
0.8734 0.9526 1.0112 
0.6463 0.5621 0.4782 
0.7542 0.5995 0.4729 
0.8569 0.9376 1.0112 
0.5895 0.5377 0.4782 
0.6836 0.5760 0.4729 
0.8623 0.9335 1.0112 
0.5547 0.5209 0.4782 
0.6342 0.5564 0.4729 
0.8746 0.9362 1.0112 
0.49567 0.4886 0.4782 
0.5301 0.5059 0.4729 
0.9351 0.9657 1.0112 
0.4810 0.4798 0.4782 
0.4891 0.4726 0.4729 
0.9833 0.9943 1.0112 
0.4782 0.4782 0.4782 
0.4729 0.4729 0.4729 
1.0112 1.0112 1.0112 
h/2b=O.l -oo. Then, the results are shown in Tables 3 and 4. In 
Table 4, it is seen that F;1_11 may be negligible except for the case 
that the crack is very close to the interface. As shown in Table 3, 
F;_11 value is strongly dependent on alb as µ2 / µ 1 --t O and h 12b 
TABLE 4-Dimensionless stress intensity factor ~I-n at B under tension u;= u in Fig. J(a). 
b/2b µ1!µ1 O.Q1 0.05 0.1 0.3 1.0 
a/b=l 0.6357 0.3380 0.2 141 0.0796 0.0000 
0.1 -+00 0.9174 0.4067 0.2459 0.0894 0.0000 
(1)/(ooJ 0.6929 0.83 12 0.8406 0.8909 
a/b= l 0.2382 0.1774 0.1321 0.0566 0.0000 
0.2 -+00 0.4100 0.2690 0.1 848 0.0713 0.0000 
(l]/(oo] 0.5809 0.6595 0.7146 0.7934 
a/b=l 0.1150 0.0947 0.0763 0.0375 0.0000 
0.3 -,oo 0.2162 0.1653 0. 1252 0.0549 0.0000 
[l]/[oo] 0.5319 0.5731 0.6095 0.6821 
alb= ! 0.0634 0.0543 0.0462 0.0242 0.0000 
0.4 -,co 0.1293 0. 1055 0.0843 0.0407 0.0000 
[1)/(co] 0.4902 0.5148 0.5479 0.5938 
a/b= l 0.0977 0.0329 0.0280 0.0156 0.0000 
0.5 -+00 0.0836 0.0705 0.0579 0.0299 0.0000 
[l]/[oo] 0.4512 0.4669 0.4837 0.5231 
a/b=I 0.0051 0.0045 0.0040 0.0024 0.0000 
-1.0 -.co 0.0168 0.0149 0.0129 0.0074 0.0000 
[1)/[oo) 0.3020 0.3050 0.3088 0.3747 
a/b=l 0.0004 0.0004 0.0003 0.0002 0.0000 
2.0 -+CO 0.0025 0.0023 0.0020 0.0012 0.0000 
[l]/[oo] 0.1700 0.1698 0.1710 0.1716 
a/b=I 0.0000 0.0000 0.0000 0.0000 0.0000 
0. 1 -+CO 0.0000 0.0000 0.0000 0.0000 0.0000 
[l]/(oo] 
...... -
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As lt / 2b-too, 
F,_, -t 0.48 (.; 0.5) 
X 
15 2 2.5 
FIG. 3-£7-n values of Eq 5 usefulfora / b-;,, 1, (v = 0.3). 
z 
- o. For J.t2! µ 1 ~ 0.3, Eq 6 may be proposed by applying the least 
square method to the average value of al b= 1 and al b--+ oo. 
(1) When 0.1 ~ h/2b ~ 1.0, 
F;_,, = (0.839-0.7030 + 0.449G2 - 0.11303) 
- (0.724- 1.463G + 0.96802 - 0.23703)H 
+ (0.504 - 1.048G + 0.709G2 - O.l 72G3)H2 
-(0.117- 0.246G + 0.169G2 - 0.04103)H3 
if H = h/2b, 
{
0.3 ~µ21µ 1 ~ 1.0 and ~=µ2!µ1 
1.0 ~ µif µ 1 "= 00 and G- 2 - µif 112 
(2) When h/2b > 1.0, F;_11 = 0.48( = 0.5) 
(6) 
Equation 6 evaluates the maximum stress intensity factor F;_n of 
arbitrary-shaped cracks within about 10 % when p 2/ µ 1 ~ 0.3 and 
h/ 2b ~ 0.3. Figure 3 shows the values of Eq 6. Since Eq 6 is based 
on only the results of al b= 1, al b-. oo, F;_,,=0.48 as hl2b-oo in-
stead of F;_,, =0.5. 
Maximum Stress Intensity Factors of a Crack 
Parallel to an Interface Subjected to Shear Loads 
Thep~oble~ in Fig. 2(a) under a;=o, 7;= .. at infinity can be ana-
ly:c..'.:~ in a sunilar way to Ref. [8]. The maximum stress intensity 
factors at Band A ~F,1_3 , and Fm-s) are shown in Fig. 4 for different 
value of hl2b when Pil µ 1 =O, oo. On the one hand, Fig. 5 shows the 
values of the maximum stress intensity factors F;_s, F;ll-s normal-
ized by ~area parameter whenµ21 µ 1 =O,oo. It is seenthatF;_s and 
F;H-s are insensitive to the crack shape in comparison with F11-s and 
Fm-s- Consider a ratio of al b= I to a/ b -:+ oo; then, we found that 
FH-s varies in the range of0.7140-0.7991, whereas F;r-s• varies in 
the range 1.130- l.268 = I (see Table 5). On the other hand, for a 
ratio of alb= 1 to al b= l I 16, the ratio of Fm-s varies in the range of 
0.4133- 0.5708, whereas F;1_3 varies in the range of 0.6565 
- 0.9069 = 1 (see Table 6). When µ2/ µL -o and hl2b--+ 0, F'ar-s 
becomes sensitive to the crack shape alb. 
Equation 7 is obtained by applying the least square method to 
the average value of F;_s for al b=l and al b -.oo. Equation 8 is 
obtained similarly from the average value of F;ll-s for a I b = 1 and 
al b= l/ 16. 
When 0.I~hl2b~ 1.0 anda/b~ l 
F;_s = (0.628-0.267H + 0.2 I 6fl2 - 0.055fr3)- (0.113 - 0.274H 
+ 0.222!·!2- 0.057H3)0 (7) 
WhenO.l ~h/ 2b~ 1.0 and a/ b~l 
F;ll-s = - (0.697- 0.607G+ 0.438G2 - 0.114G3) 
- (1.016 - 2.4?5G+ l.829G2 - 0.462G3)H 
- (l.437-3.6350 + 2.75 IG2 - 0.689G3)H2 
+ (0.848 - 2.203G + l.693G2 - 0.424G3)H3 
- (0.175 - 0.4630 + 0.359G2 - 0.903G3)F 
Here H=hl2b and 
{
0.0 ~µ211-,1 o;;; 1.0, G=tt2!µ 1 
l.O~;ti/;t 1 ~oo, 0 = 2 - µifµ 2 
(8) 
When h/ 2b~ 1.0 and alb~ l F>0.52(=0.55) 
When h/2b ~ 1.0 and alb~ l F;11=0.43(=0.45) 
Equation 7 gives F;_s values of an arbitrary crack within 13 % 
error, and Eq 8 gives F;r-s values within 17 % error. Figures 6 and 
7 show the values given by formulas 7 and 8. When hf2b_,,oo the 
results go to Fu-s=0.52 (=0.55, see Eq 2), and Yw-s=0.43 
(=0.45, see Eq 3). The difference comes from the results used far 
Eqs 7 and 8 are limited to the case ofv1= v2=0.3. As shown in Figs. 
4 and 5, the values of F;_s under shear loads 'I"; can be neglected 
except for the case of the crack very close to the interface. 
Maximum Stress Intensity Factor for an 
Interface Crack 
For interface cracks as h-.:+ 0 in Fig. 2(a), the maximum stress in-
tensity factor~ K; aud K2 at !)oint B are defined as foliows: 
K + iK ( r )is 
q, + i'Tn- & 2 - , (r =y-b -+ O) 
2Tir 2a 
where 
1<_; = 3-4vj, (J= 1,2) ( 10) 
is seen that ~area parameter is useful for evaluating the interface 
crack (Table 7). ln Section 3, it is seen that the F';_,, value of the 
parallel crack js dependent on the crack shape when 112l;t1 <0.3 
and h/ 2b-O. However, for interface cracks, the ~area parameters 
are found to be more effective because the ratio of the results of 
a.I b= l to al b-+ oo is in the range 0.996 - 1.011 = 1.0. 
Maximum Stress Intensity Factor for a Crack in 
FGMs 
Cracks in functionally graded materials (FGMs) were widely stud-
ied by Erdogan and other researchers [l 1-13]. However, sine<! 
those studies were limited to two-dimensional or axisymrnetri~ 5°; 
lutions in most cases, it is desirable to evaluate three-dimens1on3 
cracks in FGMs. Here the stress intensity factors are considered in 
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fIG. 4:"<a) Miriation of F1-,,F11_, at B whenµ1/µ 1 =O. v 1, v2 =0.3 under shear-r';=-r in Pig. 2(a). (b) Variation ofFr-,,Frr-s atB when µ 2/;;1 =oo, v1, v2=0.3 under W:."'Tr.-::.T in Fig. 2(a). (c) Variation of Fm-, at A when µ2 /µ 1 =O, v1, v2 =0.3 1mdershear-r';, =-r in Fig. 2(a). (d) Variation of F111., at A when µ21µ1 = co, v1,v2=0.3 <'r shear,._;.=,. in Pig. 2_(a). • 
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FIG. 5- (a) Variation of Fj_,,F"TT-, at B when µ1/µ 1=0, v1 ,v2=0.3 under shear-r";,=ri in Fig. 2(a). (b) Variation oJF;_,,F;_, at B when µ1/µ 1=a:>, v 1, v1=0J 11nkr 
shear-r';,=-r in Fig. 2(a). (c) Variation o/F;11_, at A when µz/µ 1=0, v1 , v 2=0.3 tmder shear-.;=-. in Pig. 2(a). (d) Variation of F;,,_, at A whenµ 1/µ 1 "'"', v,,v:=OJ 
under shear 'T;. ='f in Pig. 2(a). 
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TABLE 5-Dimensionless stress intensity factor Fu-,. F;,_, at B under shear -r;. = -r in Fig. 2(a). 
F -, 
µ2' µif µ21 
alb µ,=O µ1=0.5 µ1=2.0 h'2b 
-
1/16 0.091 0.089 0.085 QI 
1/2 0.647 0.571 0.496 
1 0.8827 0.8040 0.6995 
2 1.098 0.9745 0.8256 
-,oo 1.2085 1.0855 0.9210 
(alba l )/(al b=oo) 0.7304 0.7407 0.7595 
02 1/16 0.0870 0.0870 0.0863 
1/2 0.5777 0.5508 0.5108 
0.8161 0.7750 0.7228 
2 1.018 0.9402 0.8518 
-,00 1.1330 1.0501 0.9484 
(alb= l) l(alb=rx>) 0.7203 0.7380 0.7621 
05 1116 0.0863 0.0865 0.0865 
112 0.5430 0.5355 0.5249 
0.7574 0.7573 0.7409 
2 0.9175 0.9142 0.8780 
-,oo 1.0433 1.0259 0.9745 
(alb= 1)/(a/b=oo) 0.7140 0.7382 0.7603 
20 1/16 0.0865 0.0865 0.0865 
1/2 0.5325 0.5310 0.5298 
0.7505 0.7494 0.7486 
2 0.8998 0.8966 0.8946 
-+00 1.0141 1.0141 0.9960 
(alb-1)/(alb=oo) 0.7400 0.7463 0.7516 
1/16 0.0865 0.0865 0.0865 
1/2 0.5304 0.5304 0.5304 
I 0.749 1 0.7491 0.7491 
2 0.8957 0.8957 0.8957 
-,oo l.0000 1.0000 L.0000 
(alb 1)/(alb=oo) 0.7491 0.7491 0.749 1 
tmns of ~area parameter for al b= 1, al b -+oo in Fig. 2(b). Table 8 
hows the results for alb= I , oo with the ratio of the results of 
a b= 1 )/(a/ b=oo) . Here the notation a is used as a nonhomogene-
lly parameter for functiona lly graded materials and a is a dirnen-
1on of a crack in FGM. Then, the SIF is controlled by aa. As 
slul\\ n in Table 8, the ratio of F1 is within 0.637 -0.462, and the 
ra110 of~; is within 0.99- 1.36. Since the value of F; is insensitive 
lo alb, area parameter is found to be useful for evaluating the 
results for elliptical cracks from two-dimensional solutions avail-
able for FGMs [ 13]. 
Conclusions 
In this study, stress intensity factors of three-dimensional cracks in 
the vicinity of an interface were considered with varying the geo-
lJlctrical conditions and elastic modulus ratio µ21 µ 1• The conclu-
Slons can be made in the following way. 
(I) For a parallel crack to an interface under tension (see Fig. 
2(a)), the maximum stress intensity factor F; normalized 
by ../area parameter is insensitive to the crack aspect ratio 
except for smaller µ 2 I Jt1• Then, a stress intensity evaluation 
formula 6 was proposed as a function of h/2b and µ 21 µ 1• 
For a parallel crack to an interface under shear (see Fig. 
2(a)), the maximum stress intensity factors F;, and Yiu nor-
malized by ,/area parameter are insensitive to the crack as-
F• 
µzf µ/ µ/ µ21 µ21 
µ1=00 µ1=0 µ1=0.5 µ,=0.2 J11 =oo 
0.098 0.0428 0.0471 0.0402 0.0463 
0.440 0.5779 0.5103 0.4428 0.3929 
0.6131 0.6630 0.6036 0.5254 0.4605 
0.7026 0.6935 0.6 155 0.5215 0.4438 
0.7724 0.5715 0.5133 0.4355 0.3652 
0.7938 1.1601 l.1765 1.2064 1.2610 
0.0858 0.0411 0.0411 0.0408 0.0405 
0.4746 0.5160 0.4920 0.4560 0.4238 
0.6700 0.6130 0.582 1 0.5429 0.5033 
0.7649 0.6430 0.5938 0.5380 0.483 1 
0.8384 0.5358 0.4966 0.4485 0.3965 
0.799 1 1.1441 1.1722 1.2105 1.2694 
0.0868 0.0408 0.0409 0.0409 0.04 10 
0.5125 0.4851 0.4781 0.4687 0.4579 
0.7243 0.5831 0.5688 0.5565 0.5440 
0.8423 0.6054 0.5774 0.5546 0.5320 
0.9188 0.5142 0.485 1 0.4608 0.4345 
0.7883 1.1340 l.1725 1.2077 1.2520 
0.0868 0.0409 0.0409 0.0409 0.0410 
0.5287 0.4757 0.4744 0.4733 0.4723 
0.7478 0.5637 0.5624 0.5608 0.5617 
0.8925 0.5683 0.5665 0.5650 0.5637 
0.9878 0.4735 0.4748 0.4671 0.4671 
0.7714 1.1755 1.1855 1.1938 1.2026 
0.0865 0.0409 0.0409 0.0409 0.0409 
0.5304 0.4768 0.4768 0.4768 0.4768 
0.7491 0.5627 0.5627 0.5627 0.5627 
0.8957 0.5657 0.5657 0.5657 0.5657 
1.0000 0.4729 0.4729 0.4729 0.4729 
0.7491 0. 1299 1.1299 l.1299 1.1299 
pect ratio. Then, stress intensity evaluation formulas 7 and 
8 were proposed as functions of h/2b and µ2/ µ 1, which is 
valid for µ 2/ Jl 1;;;. 0.3 . 
(3) The formulas 6-8 may be useful for the range µ2 / p 1;;;. 0.3 
and hl 2b;;;.O.I. Then, the error may be estimated within 
±12 % for the variation of Poisson's ratio, and within 
±IO % - ± 17 % for the variation of crack shape. If the ap-
proximated formula is derived as a function of Poisson's 
ratio or aspect ratio, the accuracy and application range 
may be improved. The formulas 6-8 were proposed only 
for the major stress intensity factors. Other minor stress in-
tensity factors may be given in a similar way. 
(4) When µ2 /µ 1 <0.3 and h/2b-+O, F; of a parallel crack be-
comes dependent on the crack shape. However, if the re-
sults of an inte1face crack are expressed by using Varea pa-
rameter, the ratio for a I b= I to al b=oo is in the range of 
0.996-1.011 ::c 1.0. Therefore, for an interface crack, 
,./area parameter is more useful (see Table 7). 
(5) To evaluate three-dimensional cracks in functionally 
graded materials, the effectiveness of ,/area parameter is 
presented. From two-dimensional solutions available for 
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TABLE 6-Dimens/011/ess stress intensity factor Fw-, , F"rii-s al A under shear 'T; =Tin Fig. l(a). 
0 
µ,! 
al b t1=0 
1/16 - 1.579 




(alb= l) l(al b= 11 J 6) 0.4133 
l /l6 - 1.287 
1/2 -0.9048 
-0.6033 
2 - 0.3509 
-+CIJ - 0.0433 
(alb = 1) / (al b= I /16) 0.4688 
l /16 - 1.079 
1/2 - 0.8033 
- 0.5523 
2 - 0.3309 
-ta:J - 0.0428 
(alb= 1)/(alb= I I 16) 0.51 [9 
l / l6 -0.9955 
112 -0.7805 
l -0.5253 
2 -0.3 147 
-ta:J - 0.0429 







(alb= l)l(a! b= II 16) 0.5308 
Ar 1,/2b-+m, 







- 1.109 -0.8986 
-0.8150 -0.6841 
- 0.5557 -0.4955 
- 0.3274 -0.2996 
-0.0435 -0.0420 
0.5011 0.55 14 
-1.066 -0.9233 
-0.7856 -0.7042 
-0.5443 - 0.5057 
-0.3232 - 0.3041 
-0.0429 - 0.0426 
0.5106 0.5477 
- l.016 -0.9607 
-0.7599 - 0.7270 
- 0.5321 - 0.5169 
-0.3183 - 0.3088 
-0.0428 - 0.0428 
0.5237 0.5380 
- 0.9904 -0.985 1 
- 0.7537 -0.7319 
- 0.5245 -0.5239 
- 0.3 l37 -0.3 l30 
-0.0428 - 0.0428 
0.5296 0.53 18 
-0.9878 -0.9878 
- 0.7429 -0.7429 
- 0.5243 - 0.5243 
- 0.3134 -0.3 134 

















































































µ, I µ,= s.o 


































































µ,Iµ,= 1.0 As hl2b-+m, 
P,;_,-> 0.43 (s 0.45) 
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TABLE 7-hiterfacecracks under tension in Fig. 2(b). 
E 0.00 0.07 0.15 
K1 
a/b=l 0.637 0.634 0.627 
(T~ 1l"b ~00 1.000 1.000 1.000 (a/b=l )/(a/b=oo) 0.637 0.634 0.627 
K2 a/b=l 0.000 0.106 0.228 
(T~ 1l"b ~00 0.000 0.140 0.300 (a/b=l )/(a/b=oo) 0.757 0.760 
a/b=l 0.478 0.476 0.471 
K1 
. 
~00 0.473 0.473 0.473 (T ~ 1( .J area 
(a/b=l )/(a/b=oo) 1.011 1.006 0.996 
- a/b=l 0.000 0.080 0.171 
K2 
0.000 0.066 0.142 a~ 1[.Jarea ~00 
(a/b=l )/(a/b=oo) 1.202 1.207 
-
i i 1 i 
X 
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TABLE 8-Dimensionless scress intensity factor F1-n, ~-n• Fll-n• 0t-n at 8 in Fig. 2(b). 
aa a.a 0.1 0.25 0.5 1.0 2.5 5.0 
a/b=1 0.637 0.638 0.644 0.661 0.712 0.918 1.326 
Fj_n -+oo 1.000 1.008 1.036 1.101 1.258 1.808 2.869 
((a/b=1 )/(a/b=oo )) 0.637 0.633 0.622 0.600 0.566 0.508 0.462 
a/b=1 0.000 0.026 0.065 0.129 0.263 0.697 1.567 
Fu_,, -oo 0.000 0.011 0.026 0.053 0.107 0.280 0.611 
((a/b=1 )/ (a/ b=oo )) 2.364 2.500 2.434 2.458 2.489 2.565 I 
a/ b=1 0.479 0.479 0.484 0.497 0.535 0.690 0.996 
Fj~ ,, -+00 0.473 0.477 0.490 0.521 0.595 0.855 1.357 
((a/ b=1 )/ (a/ b=oo )) 1.013 1.004 0.988 0.954 0.899 0.807 0.734 I 
a/ b=1 0.000 0.012 0.031 0.061 0.124 0.330 0.741 
F;_n -+00 0.000 0.008 0.120 0.040 0.080 0.210 0.459 
~ ((a/ b=1 )/(a/ b=oo )) 1.482 1.574 1.533 1.547 1.567 1.615 
t f ft 1,f=cr 
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